
 













𝑖ℏ
𝜕𝜓

𝜕𝑡
= 𝐻(𝑡)𝜓,    𝐻(𝑡) =  𝐻( ) + 𝑉(𝑡) 𝑉(𝑡) = {

𝑤𝑡

   
     𝑖𝑓      ≤ ≤

< ,   𝑡>𝜋

𝐴(𝜂)(𝑡 ∑
⟨𝑓|𝐼𝑛(𝑡)|𝑙⟩

𝑛!𝑛=

𝐼𝑛(𝜓) = (
𝑖ℏ

)
𝑛

∫ 𝑑𝑡 ∫ 𝑑𝑡
𝑡

… … ∫ 𝑑𝑡𝑛�̌�
𝑡𝑡

(𝑡 )  �̌�(𝑡 ) … … … … �̌�(𝑡𝑛)

  �̌�(𝑡) = 𝑒
𝑖

ℏ
𝐻 𝑡�̌�(𝑡𝑛)𝑒−

𝑖

ℏ
𝐻 𝑡

𝑖
ℏ

𝐻 𝑡

ℌ(𝜂)(𝜏) = |𝐴𝜂
( )(𝜏)|

ℏ
|⟨𝑓|  �̌�(𝑡)|𝑙⟩𝑒𝑖𝑤𝜂𝑡

|

�̌� = �̌�𝑒 + �̌�𝑛

𝜓(𝑞,𝑝) = 𝜓(𝑞,𝑝)𝜙(𝑃)

�̌�𝜓(𝑞,𝑝) = 𝐸𝜓(𝑞,𝑝)                                                                                                                 (8)

𝜙𝑇
^

𝑒𝜓 + 𝑇
^

𝑁𝜓𝜙 + 𝑈𝜓𝜙 = 𝐸𝜓𝜙                                                                                        (9)

𝐿
^

𝜓𝜙 = 𝑇
^

𝑁𝜓𝜙 − 𝜓𝑇
^

𝑁𝜙                                                                                                      (10)

𝜓
𝑇
^

𝑒𝜓 + 𝑈 +
𝜓𝜙

𝐿
^

𝜓𝜙 = 𝐸 −
𝜙

𝑇
^

𝑁𝜙.                                                                            (11)

(𝑇
^

𝑒 + 𝑈 +
𝜙

𝐿
^

𝜙) 𝜓 = 𝑉𝜓                                                                                               (12)

(�̂�𝑁 + 𝑉)𝜙 = 𝐸𝜙

[�̂�𝑒 + 𝑈(𝑞, 𝑝)] 𝑓 = 𝑉𝑓(𝑝) 𝑓

[�̂�𝑁 + 𝑉𝑓(𝑝)] 𝑓𝑛 = 𝐸𝑓𝑛 𝑓𝑛

𝑉𝑓
( )

= ⟨𝜓𝑓
( )

|�̂�𝑁|𝜓𝑓
( )

⟩



𝑉𝑓
( )

= ∑  𝑓 ≠𝑓

⟨⟨𝜓
𝑓

( )
|𝑇

^

𝑁|𝜓𝑓
( )

⟩−∑  𝑝 𝜙

∂𝜙

∂𝑝
⟨𝜓

𝑓

( )
∣
∂𝜓

𝑓
( )

∂𝑝
⟩|

𝑉
𝑓
( )

−𝑉
𝑓

( )

𝜓𝑓
( )

= ∑  𝑓 ≠𝑓

⟨𝜓
𝑓

( )
|𝑇

^

𝑁|𝜓𝑓
( )

⟩−∑  𝑝 𝜙

∂𝜙

∂𝑝
⟨𝜓

𝑓

( )
∣
∂𝜓

𝑓
( )

∂𝑝
⟩

𝑉
𝑓
( )

−𝑉
𝑓

( ) ⋅ 𝜓
𝑓

( )

= −
𝜇 𝐪 + 𝑈 (𝐪) + 𝑈 (𝐪 − 𝐋) + ∑  𝑙 𝑈𝑙(𝐪)𝑝𝑙 + ∑  𝑙 𝜔𝑙 (𝑝𝑙 −

∂

∂𝑝𝑙

)            

= 𝐸 Ψ

Ψ(𝐪, 𝑝) = 𝜓(𝐪, 𝑝)Φ(𝑝)

[−
𝜇 𝐪 + 𝑈 (𝐪) + 𝑈 (𝐪 − 𝐋) + ∑  𝑙 𝑈𝑙(𝐪)𝑝𝑙] 𝜓(𝐪, 𝑝) = 𝐸(𝑝)𝜓(𝐪, 𝑝)

𝐿
^

≡ 𝑇
^

𝑝𝜓 − 𝜓𝑇
^

𝑝 = − ∑  𝑙 𝜔𝑙 (
∂𝜓

∂𝑝𝑙

∂

∂𝑝𝑙
+

∂ 𝜓

∂𝑝𝑙

)

(𝑇
^

𝑝 = − ∑  

𝑙

𝜔𝑙

∂

∂𝑝𝑙

)  in Eq. (20), then

[𝐸(𝑝) + ∑  𝑙 𝜔𝑙 (𝑝𝑙 −
∂

∂𝑝𝑙

)] (𝑝) = 𝐸 Φ(𝑝)

𝑈
~

≡ ∑  𝑙 𝑈𝑙(𝐪)(𝑝𝑙 − 𝑝
~

𝑙)

[−
𝜇 𝐪 + 𝑈 (𝐪) + 𝑈 (𝐪 − 𝐋) + ∑  𝑙 𝑈𝑙(𝐪)𝑝

~

𝑙] 𝜓𝑠(𝐪) = 𝐸𝑠 𝜓𝑠(𝐪)

∑  

𝑙

𝑈𝑙(𝐪)𝑝
~

𝑡

𝑝
~

𝑙 = −𝑝
~

𝑙 ≡ −𝑝
~

𝑙(𝑝
~

𝑙 < )

𝑈𝑙 (𝐪 − 𝐋) = −𝑈𝑙 (𝐪) ≡ −𝑈𝑙(𝐪)

∑  

𝑙

𝑈𝑙 (𝐪 − 𝐋)𝑝
~

𝑙 = ∑  

𝑙

[−𝑈𝑡 (𝐪)][−𝑝
~

𝑡 ] = ∑  

𝑙

𝑈𝑡 (𝐪)𝑝
~

𝑡 ≡ ∑  

𝑙

𝑈𝑙(𝐪)𝑝
~

𝑙

∫ 𝑑𝐪𝜓𝑠 ∗ (𝐪)𝑈
~

(𝐪, 𝑝)𝜓(𝐪) = ∫ 𝑑𝐪𝜓𝑠
∗(𝐪)[∑  𝑙 𝑈𝑙(𝐪)(𝑝𝑙 − 𝑝

~

𝑙)]𝜓𝑠(𝐪) = ∑  𝑙 𝑈𝑙𝑠(𝑝𝑙 − 𝑝
~

𝑙)  

𝑈𝑙𝑠 ≡ ∫ 𝑑𝐪𝑈𝑙(𝐪)|𝜓𝑠(𝐪)|

𝐸𝑠(𝑝) = 𝐸𝑠 + 𝑈
~

𝑠(𝑝), 𝑈
~

𝑠(𝑝) ≡ ∑  𝑙 𝑈𝑙𝑠(𝑝𝑙 − 𝑝
~

𝑙)

𝐸𝑠(𝑝) + ∑  𝑙 𝜔𝑙 (𝑝𝑙 −
∂

∂𝑝𝑙

) = 𝐸𝑠 + ∑  𝑙 𝑈𝑙𝑠(𝑝𝑙 − 𝑝
~

𝑙) + ∑  𝑙 𝜔𝑙 (𝑝𝑙 −
∂

∂𝑝𝑙

)



𝐹𝑠(𝑝) = 𝐸𝑠 + ∑  𝑙 𝑈𝑙𝑠(𝑝𝑡 − 𝑝
~

𝑡) + ∑  𝑙 𝜔𝑙𝑝𝑙

𝑑𝐹𝑠

𝑑𝑝𝑡

= 𝑈𝑙𝑠 + 𝜔𝑙𝑝𝑙 ,
𝑑𝐹𝑠

𝑑𝑝𝑡

|
𝑝𝑡=̅𝑙

= ,
𝑑 𝐹𝑠

𝑑𝑝𝑙

= 𝜔𝑙 > 0

̅𝑙 = −
𝑈𝑙𝑠

𝜔𝑙

∫ 𝑑𝐪|𝜓𝑠(𝐪)| = 1

̅𝑙 = 𝑝
~

𝑙

𝐹𝑠(𝑝)|
𝑝=𝑝

~ = 𝐸𝑠 + ∑  𝑙 𝜔𝑙𝑝
~

𝑙 ≡ 𝐸𝑠 + 𝐸 ≡ 𝐽𝑠

𝐸 ≡ ∑  𝑙 𝜔𝑙𝑝
~

𝑙

𝐹𝑠(𝑝) = 𝐽𝑠 + ∑  𝑙 𝜔𝑙(𝑝𝑙 − 𝑝
~

𝑙)

−𝐽 , + ∑  𝑙 𝜔𝑙 [(𝑝𝑙 − 𝑝
~

𝑙) −
∂

∂𝑝𝑙

]

𝐸 = −𝐽 , + ∑  𝑙 𝜔𝑙 (𝑚𝑙 , + )

, …𝑚𝑙 , …(𝑝 − 𝑝
~

) = ∏  

𝑙

𝜑𝑚𝑙 ,
(𝑝𝑙 − 𝑝

~

𝑙)

𝜑𝑚𝑙 ,
(𝑝𝑙 − 𝑝

~

𝑙) = 𝐴𝑚𝑙 ,
𝑒− / (𝑝𝑡∓𝑝

~
𝑡)

𝐻𝑚𝑙 ,
(𝑝𝑙 ∓ 𝑝

~

𝑙)

𝐻𝑚(𝑝) = (− )𝑚𝑒𝑝 𝑑𝑚𝑒−𝑝 /𝑑𝑝𝑚

, (𝐪, 𝑝) = 𝜓 , (𝐪) , …𝑚 , …(𝑝 − 𝑝
~

)

≡ − 𝑈
~

+ 𝑈
~

 

( − 𝑈
~

− 𝐸 ) = −𝑈
~

Ψ

( − 𝑈
~

− 𝐸 )
~

= 0

( − 𝐸 )𝐺 (𝐪, 𝐪 ; 𝑝, 𝑝 ; 𝐸 ) = − (𝐪 − 𝐪 ) (𝑝 − 𝑝 )             

( − 𝑈
~

− 𝐸 ) 𝐺(𝐪, 𝐪 ; 𝑝, 𝑝 ; 𝐸 ) = − (𝐪 − 𝐪 ) (𝑝 − 𝑝 )

𝐺 (𝐪, 𝐪 ; 𝑝, 𝑝 ; 𝐸 ) = 𝐺(𝐪, 𝐪 ; 𝑝, 𝑝 ; 𝐸 )

+∬ 𝑑𝐪 𝑑𝑝 𝐺(𝐪, 𝐪 ; 𝑝, 𝑝 ; 𝐸 )𝑈
~

(𝐪 , 𝑝 )𝐺 (𝐪 , 𝐪 ; 𝑝 , 𝑝 ; 𝐸 )

𝐺 = 𝐺 + 𝐺𝑈
~

𝐺  

𝐺 = 𝐺 + 𝐺𝑈
~

𝐺 + 𝐺𝑈
~

𝐺𝑈
~

𝐺 + ⋯



(𝐪, 𝑝) =
~

(𝐪, 𝑝) + ∬ 𝑑𝐪 𝑑𝑝 𝐺(𝐪, 𝐪 ; 𝑝, 𝑝 ; 𝐸 )𝑈
~

(𝐪 , 𝑝 ) (𝐪 , 𝑝 )      

=
~

+ 𝐺𝑈
~

Ψ

(𝑞, 𝑝) =  ̃ (𝑞, 𝑝) + ∬ 𝑑�́�  𝑑�́� 𝐺(𝑞, �́�; 𝑝, �́�; 𝐸𝐻)𝑈(�́�, �́�) (�́�, �́�).

=  ̃ + 𝐺𝑈Ψ

=  ̃ + 𝐺𝑈 ̃ + 𝐺 𝑈 𝐺 𝑈 ̃ +  𝐺 𝑈 𝐺 𝑈 𝐺 𝑈 ̃ + …

=  ̃ + ( +  𝐺𝑈 +  𝐺𝑈𝐺𝑈 + . . . )�̃� ̃

=  ̃ +  𝐺𝐻𝑈 ̃                                                                                                                                     (54)

− �̃� = −
ℏ

𝜇 𝐪 + 𝑈 (𝐪) + 𝑈 (𝐪 − 𝐋) + ∑
𝑙
 𝑈𝑙(𝐪)�̃�𝑡 + ∑

𝑙
 ℏ𝜔𝑙 (𝑝𝑡 −

∂

∂𝑝𝑙

)      (55)

˜ (𝐪, 𝑝) = 𝜓(𝐪) (𝑝)                                                                                                                           (56)

= 𝐺 �̃� ˜ .                                                                                                                                               (57)

= 𝐺 �̃�                                                                                                                                          (58)

𝐺 ≡ 𝐺(𝐪, 𝐪 ; 𝑝, 𝑝 ; 𝐇 − �̃�) = ∑𝑠  
𝑠(𝐪, 𝑝) 𝑠

∗(𝐪 , 𝑝 )

𝐸 − (𝐸𝑠(𝑝) − �̃�(𝑝)) − 𝑖𝛾
                                                      (59)

�̃�𝐺 ∼
�̃�

𝛾
∼
ℏ𝜔

𝛾
<< 1.                                                                                                                            (60)

𝐺 >> 𝐺�̃�𝐺 >> 𝐺�̃�𝐺�̃�𝐺 >> ⋯                                                                                                         (61)

𝐺 ≈ 𝐺.                                                                                                                                                      (62)

≈ 𝐺�̃�                                                                                                                                            (63)

𝐴 = ⟨ (𝐪 − 𝐋, 𝑝)| | (𝐪, 𝑝)⟩                                                                                                       (64)

(𝑚‾ ℏ𝜔𝑡/𝛾) << 1                                                                                                                                   (65)

(𝑘 𝑇/𝛾) << 1.                                                                                                                                       (66)

ℏ𝜔

𝛾
<< 1                                                                                                                                                   (67)

𝐺(𝐪, 𝐪 ; 𝐋; 𝑝, 𝑝 ; 𝐸 ) = ∑…𝑚𝑡…  𝐺𝑒(𝐪, 𝐪 ; 𝐋; �̃�; 𝐸 − 𝜀…𝑚𝑡…) …𝑚𝑡…(𝑝) …𝑚𝑡…(𝑝 )     (68)

𝐺𝑒(𝐪, 𝐪 ; 𝐋; �̃�; 𝐸 − 𝜀…𝑚 …..) = ∑𝑠  
𝜓𝑠(𝐪; 𝐋; �̃�)𝜓𝑠

∗(𝐪 ; 𝐋; �̃�)

(𝐸 − 𝜀…𝑚𝑡..) − 𝐸𝑠(𝐋; �̃�) − 𝑖𝛾
                                   (69)



𝜀…𝑚𝑙… ≡ ∑𝑖  ℏ𝜔𝚤 (𝑚𝚤 + )                                                                                                                                       (70

𝐺𝑒 = 𝐺( ) − 𝐺( )�̂�𝐺                                                                                                      (71)

𝐺 ≡ 𝐺 (𝐪, 𝐪 ; 𝑘) =
𝜇

𝜋ℏ

 (±𝑖𝑘|𝐪 − 𝐪 |)

|𝐪 − 𝐪 |
                                                           (72)

𝐸 − 𝜀…𝑚𝑡… − 𝑖𝛾 = −(𝐽 + ℏ𝜔 + 𝑖𝛾)                                                                                  (73)

𝜔 ≡ ∑𝑡  𝜔𝑙(𝑚𝑡 − 𝑚𝑡 ).                                                                                                                                          (74)

𝑘 = ±
𝑖[ 𝜇(𝐽 + ℏ𝜔 + 𝑖𝛾)]

ℏ
.                                                                                                   (75)

𝐺𝑒 ≅ 𝐺( ).                                                                                                                                  (76)

𝐺𝑒(𝐪, 𝐪 ; 𝛼) =
𝜇

𝜋ℏ

 (−𝛼|𝐪 − 𝐪 |)

|𝐪 − 𝐪 |
                                                                                   (77)

𝛼 ≡ 𝛼(… 𝑚𝑙 … ) ≡ 𝛼(𝜔 ) =
[ 𝜇(𝐽 + ℏ𝜔 + 𝑖𝛾)]

ℏ
                                                            (78)

𝐺(𝐪, 𝐪 ; 𝑝, 𝑝 ) = ∑…𝑚𝑙…  𝐺𝑒[𝐪, 𝐪 ; 𝛼(… 𝑚𝑙 … )] …𝑚ℓ…
(𝑝) …𝑚𝑡…(𝑝 )                           (79)

𝐴 = ∑𝑙  ∑𝑚𝑡…  𝐴𝑙[𝐽 + ∑𝑡  ℏ𝜔𝑡(𝑚𝑡 − 𝑚𝑡 ); 𝐿; �̃�]
𝑜(𝑚𝑙 , 𝑚𝑡 )

𝑟(𝑚𝑙 , 𝑚𝑙 )
∏𝑙  𝑟(𝑚𝑙 , 𝑚𝑡)𝑟(𝑚𝑡 , 𝑚𝑡 )     (80)

𝐴𝑙[𝐽 + ∑𝑡  ℏ𝜔𝑡(𝑚𝑡 − 𝑚𝑡 ); 𝐿;                                                                                                        (81)

∏  𝑙 𝑟(𝑚𝑙, 𝑚𝑙 , ) ≡ ∏  𝑙 ∫ 𝜑𝑚𝑙
(𝑝𝑙)𝜑𝑚𝑙 ,

(𝑝𝑙 − 𝑝
~

𝑙)𝑑𝑝𝑙

= ∫ …𝑚𝑙…(𝑝) , …𝑚𝑙 , …(𝑝 − 𝑝
~

)𝑑𝑝

𝑜(𝑚𝑙 , 𝑚𝑙 ) ≡ −∫ 𝜑𝑚𝑙
(𝑝𝑙 − 𝑝

~

𝑙)(𝑝𝑙 − 𝑝
~

𝑙)𝜑𝑚𝑙
(𝑝𝑙)𝑑𝑝𝑙

𝜓 (𝐪 ) = (
𝛼

𝜋
)

/  (−𝛼 |𝐪 |)

|𝐪 |

𝜓 ∗ (𝐪) = (
𝛼

𝜋
)

/  (−𝛼 |𝐪−𝐋|)

|𝐪−𝐋|

𝛼 , =
[ 𝜇(𝐽 , −𝐸)]

/

𝐴𝑙 = −
𝜇(𝛼 𝛼 ) /

( 𝜋 )
𝜔𝑙𝑝

~

𝑙 ∫ 𝐼(|𝐪|)  (−𝛼 |𝐪 − 𝐋|)𝑑𝐪

𝐼(|𝐪|) =
𝜋[  (−𝛼|𝐪|)−  (−𝛼 |𝐪|)]

(𝛼 −𝛼 )|𝐪|

𝐴𝑙 = 𝑐 𝜔𝑙𝑝
~

𝑙 𝐺



𝑐 = −
𝜇𝛼 (𝛼 𝛼 ) /

𝐺 = 𝐺 (𝛼, 𝐿) =
𝐿

[
 (−𝛼𝐿)+𝑓(𝛼,𝐿)

(𝛼 −𝛼 )(𝛼 −𝛼 )
]

𝑓(𝛼, 𝐿) ≡ {[ +
(𝛼 −𝛼 )𝐿

𝛼
]  (−𝛼 𝐿) −  (−𝛼 𝐿)}

(𝛼 −𝛼 )

(𝛼 −𝛼 )

− [
𝐿

𝛼
 (−𝛼 𝐿)] (𝛼 − 𝛼 ) −  (−𝛼 𝐿),

𝜀 =
𝜋 𝑞 𝑀

𝑐𝑛
𝐾                                               93

∑  

𝑙

𝜔𝑙(𝑚𝑙 − 𝑚𝑙 ) = 𝜔                                 94

= 𝐽 − 𝐽 + 𝜔                                            96

∑  

𝑙

𝜔𝑙(𝑚𝑙 − 𝑚𝑙 ) = 𝜔                                        ( )

𝐴 = 𝑐 ∑  

𝑙

𝜔𝑙𝑝
~

𝑙 ∑  

𝜔 =−

𝐺 (𝜔 , 𝐿)𝑃𝑙(𝑚𝑙 , 𝑚𝑙 ; 𝜔 )                                                                      97

𝑃𝑙(𝑚𝑙 , 𝑚𝑙 ; 𝜔 ) ≡ ∑  

…𝑚𝑙…

𝑜(𝑚𝑙 , 𝑚𝑙 )

𝑟(𝑚𝑙 , 𝑚𝑙 )
∏  

𝑙

𝑟(𝑚𝑙 , 𝑚𝑙)𝑟(𝑚𝑙 , 𝑚𝑙 ) [𝜔 − ∑  

𝑙

𝜔𝑙(𝑚𝑙 − 𝑚𝑙 )] ,   98   

𝑃𝑙 (𝑚𝑙 , 𝑚𝑙 ) =
𝑜(𝑚𝑙 , 𝑚𝑙 )

𝑟(𝑚𝑙 , 𝑚𝑙 )
∏  

𝑙

𝑟(𝑚𝑙 , 𝑚𝑙 ),                                                                                   99

𝐴 = 𝑐 𝐺 (𝜔 = , 𝐿) ∑  

𝑙

𝜔𝑙𝑝
~

𝑙 𝑃𝑙 (𝑚𝑙 , 𝑚𝑙 )                                                                 100

𝑓(𝑤) = ∑  

𝑚=−

𝑏𝑚(𝑤 − 𝑤 )𝑚, 𝑏𝑚 =
𝜋𝑖

∮
𝑓(𝜁)

(𝜁 − 𝑤 )𝑚+
𝑑𝜁                                                              101

𝑟𝑟(𝑚𝑙 , 𝑚𝑙 ; 𝑢) ≡ 𝑟(𝑚𝑙 , 𝑚𝑙 )𝑟(𝑚𝑙 , 𝑚𝑙 ) + 𝑢𝜔𝑙𝑟(𝑚𝑙 , 𝑚𝑙 + )𝑟(𝑚𝑙 + , 𝑚𝑙 ) + ⋯

+𝑢−𝜔𝑙𝑟(𝑚𝑙 , 𝑚𝑙 − )𝑟(𝑚𝑙 − , 𝑚𝑙 ) + ⋯
                102

𝑟𝑜(𝑚𝑙 , 𝑚𝑙 ; 𝑢) ≡ 𝑟(𝑚𝑙 , 𝑚𝑙 )𝑜(𝑚𝑙 , 𝑚𝑙 ) + 𝑢𝜔𝑙𝑟(𝑚𝑙 , 𝑚𝑙 + )𝑜(𝑚𝑙 + , 𝑚𝑙 ) + ⋯

+𝑢−𝜔𝑙𝑟(𝑚𝑙 , 𝑚𝑙 − )𝑜(𝑚𝑙 − , 𝑚𝑙 ) + ⋯
                103

𝑃𝑙(𝑚𝑙 , 𝑚𝑙 ; 𝜔 ) =
𝜋𝑖

∮
𝑑𝑢

𝑢𝜔 +

(𝑚𝑙 , 𝑚𝑙 ; 𝑢)

𝑟𝑟(𝑚𝑙 , 𝑚𝑙 ; 𝑢)
∏  

𝑙

𝑟𝑟(𝑚𝑙 , 𝑚𝑙 ; 𝑢)                                                104

𝐾 = 𝑐 ∑  

𝜔 =−

𝐺 (𝜔 , 𝐿) ∑  

𝜔 =−

𝐺 ∗ (𝜔 , 𝐿) ∑  

𝑙

𝜔𝑙𝑝
~

𝑙 ∑  

𝑙

𝜔𝑙 𝑝
~

𝑙 𝐴𝑣(𝑚 ) ∑  

.−𝑚 …

𝑃𝑙(𝑚𝑙 , 𝑚 ; 𝜔 )𝑃𝑡(𝑚𝑙 , 𝑚 ; 𝜔 ) [𝜔 − ∑  

𝑙

𝜔𝑙(𝑚𝑙 − 𝑚 )] , 105

𝑃𝑙 (𝑚𝑙 , 𝑚𝑙 ; 𝜔 ) =
𝜋𝑖

∮
𝑑𝑣

𝑣𝜔 +

(𝑚𝑙 , 𝑚𝑙 ; 𝑣)

(𝑚𝑙 , 𝑚𝑙 ; 𝑣)
∏  

𝑙

𝑟𝑟(𝑚𝑙 , 𝑚𝑙 ; 𝑣)                                               106



𝐴𝑣(𝑚𝑙 ) ∑  

…𝑚𝑙 …

𝑃𝑙(𝑚𝑙 , 𝑚𝑙 ; 𝜔 )𝑃𝑙 (𝑚𝑙 , 𝑚𝑙 ; 𝜔 ) [𝜔 − ∑  

𝑙

𝜔𝑙(𝑚𝑙 − 𝑚𝑙 )]                     107

∑  

𝑙

𝜔𝑙𝑝
~

𝑙 ∑  

𝑙

𝜔𝑙 𝑝
~

𝑙 𝑅𝑙,𝑙 (𝜔 , 𝜔 ; 𝜔 ) ≡ 𝜙(𝜔 , 𝜔 ; 𝜔 )                                                                108

𝐾 ≡ 𝐾(𝜔 ) = 𝑐

× ∑  

𝜔 =−

𝐺 (𝜔 , 𝐿) ∑  

𝜔 =−

𝐺 ∗ (𝜔 , 𝐿) ∑  

𝑙

𝜔𝑙𝑝
~

𝑙 ∑  

𝑙

𝜔𝑙 𝑝
~

𝑙 𝑅𝑙,𝑙 (𝜔 , 𝜔 ; 𝜔 )
                          109

𝑅𝑙,𝑙(𝜔 , 𝜔 ; 𝜔 ) = 𝐴𝑣(𝑚𝑙 )
( 𝜋𝑖)

∮
𝑑𝑢

𝑢𝜔 +
∮

𝑑𝑣

𝑣𝜔 +

∑  

…𝑚𝑙 …

[𝜔 − ∑  

𝑡

𝜔𝑡(𝑚𝑙 − 𝑚𝑙 )]
𝑟𝑜(𝑚𝑙 , 𝑚𝑙 ; 𝑢)𝑟𝑜(𝑚𝑙 , 𝑚𝑙 ; 𝑣)

𝑟𝑟(𝑚𝑙 , 𝑚𝑙 ; 𝑢)𝑟𝑟(𝑚𝑙 , 𝑚𝑙 ; 𝑣)
∏  

𝑡

𝑟𝑟(𝑚𝑙 , 𝑚𝑙 ; 𝑢)𝑟𝑟(𝑚𝑙 , 𝑚𝑙 ; 𝑣)             (110)

𝑅𝑙,𝑙(𝜔 , 𝜔 ; 𝜔 ) = 𝐴𝑣(𝑚𝑙 )
( 𝜋𝑖)

∮
𝑑𝑢

𝑢𝜔 +
∮

𝑑𝑣

𝑣𝜔 +
∮

𝑑𝑤

𝑤𝜔 +
(𝑚𝑙 ; 𝑢, 𝑣, 𝑤) (𝑚𝑙 ; 𝑢, 𝑣, 𝑤) ∏  

𝑡

𝑟𝑟𝑟𝑟(𝑚𝑙 ; 𝑢, 𝑣, 𝑤) , (111)

(𝑚𝑙 ; 𝑢, 𝑣, 𝑤) ≡ 𝑟𝑟(𝑚𝑙 , 𝑚𝑙 ; 𝑢)𝑟𝑟(𝑚𝑙 , 𝑚𝑙 ; 𝑣) + 𝑤𝜔𝑙 (𝑚𝑙 + , 𝑚𝑙 ; 𝑢)𝑟𝑟(𝑚𝑙 + , 𝑚𝑙 ; 𝑣) + ⋯
+ 𝑤−𝜔𝑙𝑟𝑟(𝑚𝑙 − , 𝑚𝑙 ; 𝑢)𝑟𝑟(𝑚𝑙 − , 𝑚𝑙 ; 𝑣) + ⋯,      (112)

(𝑚𝑙 ; 𝑢, 𝑣, 𝑤) (𝑚𝑙 ; 𝑢, 𝑣, 𝑤) ≡ 𝑜(𝑚𝑙 , 𝑚𝑙 ; 𝑢) (𝑚𝑙 , 𝑚𝑙 ; 𝑣) + 𝑤𝜔𝑙 (𝑚𝑙 + , 𝑚𝑙 ; 𝑢) (𝑚𝑙 + , 𝑚𝑙 ; 𝑣) + ⋯
+ 𝑤−𝜔𝑙 (𝑚𝑙 − , 𝑚𝑙 ; 𝑢)𝑟𝑟(𝑚𝑙 − , 𝑚𝑙 ; 𝑣) + ⋯    (113)

( ; , , ) ( ; , , )

≡ (𝑚𝑙 , 𝑚𝑙 ; 𝑢) (𝑚𝑙 , 𝑚𝑙 ; 𝑣) + 𝑤
𝜔

𝑙 (𝑚𝑙 + , 𝑚𝑙 ; 𝑢) (𝑚𝑙 + , 𝑚𝑙 ; 𝑣) + ⋯

+ 𝑤
−𝜔

𝑙 (𝑚𝑙 − , 𝑚𝑙 ; 𝑢) (𝑚𝑙 − , 𝑚𝑙 ; 𝑣) + ⋯   (114)

𝑅𝑙,𝑙(𝜔 , 𝜔 ; 𝜔 ) = 𝐴𝑣(𝑚𝑙 )
( 𝜋𝑖)

∮
𝑑𝑢

𝑢𝜔 +
∮

𝑑𝑣

𝑣𝜔 +
∮

𝑑𝑤

𝑤𝜔 +
(𝑚𝑙 ; 𝑢, 𝑣, 𝑤) ∏  

𝑙

𝑟𝑟𝑟𝑟(𝑚𝑙 ; 𝑢, 𝑣, 𝑤)          (115)

 (𝑚𝑙 ; 𝑢, 𝑣, 𝑤)  (𝑚𝑙 ; 𝑢, 𝑣, 𝑤) ≡  (𝑚𝑙 , 𝑚𝑙 ; 𝑢)  (𝑚𝑙 , 𝑚𝑙 ; 𝑣)

+𝑤𝜔𝑙  (𝑚𝑙 + , 𝑚𝑙 ; 𝑢)  (𝑚𝑙 + , 𝑚𝑙 ; 𝑣) + ⋯

+𝑤−𝜔𝑙  (𝑚𝑙 − , 𝑚𝑙 ; 𝑢)  (𝑚𝑙 − , 𝑚𝑙 ; 𝑣) + ⋯

                                                                          (116)

𝐾 = 𝑐 ∑  

𝜔 =−

𝐺 (𝜔 , 𝐿) ∑  

𝜔 =−

𝐺 ∗ (𝜔 , 𝐿)
( 𝜋𝑖)

∮
𝑑𝑢

𝑢𝜔 +
∮

𝑑𝑣

𝑣𝜔 +
∮

𝑑𝑤

𝑤𝜔 +
𝐴𝑣(𝑚 )[𝑃(𝑚 ; 𝑢, 𝑣, 𝑤)𝑅(𝑚 ; 𝑢, 𝑣, 𝑤)]    (117)

𝑃(𝑚 ; 𝑢, 𝑣, 𝑤) ≡ ∑  

𝑙

∑  

𝑙 ≠𝑙

𝜔𝑙𝜔𝑙 𝑝
~

𝑙 𝑝
~

𝑙  (𝑚𝑙 ; 𝑢, 𝑣, 𝑤)  (𝑚𝑙 ; 𝑢, 𝑣, 𝑤)

+ ∑  

𝑙

𝜔𝑙 𝑝
~

𝑙  (𝑚𝑙 ; 𝑢, 𝑣, 𝑤)
                                                                  (118)

𝑅(𝑚 ; 𝑢, 𝑣, 𝑤) ≡ ∏  

𝑙

(𝑚𝑙 ; 𝑢, 𝑣, 𝑤)                                                                                                                                   (119)

𝜙(𝜔 , 𝜔 ; 𝜔 ) ≡ 𝜙(𝜔 , 𝜔 ; 𝑇; 𝜔 )

=
( 𝜋𝑖)

∮
𝑑𝑢

𝑢𝜔 +
∮

𝑑𝑣

𝑣𝜔 +
∮

𝑑𝑤

𝑤𝜔 +
𝐴𝑣(𝑚 ) × [𝑃(𝑚 ; 𝑢, 𝑣, 𝑤)𝑅(𝑚 ; 𝑢, 𝑣, 𝑤)]                         (120)

𝐴𝑣(𝑚 )[𝑃(𝑚 ; 𝑢, 𝑣, 𝑤)𝑅(𝑚 ; 𝑢, 𝑣, 𝑤)]                                                                                                                                    (121)

𝑝
~

𝑙 ∼ 𝑀− /                         (122)

𝑟(𝑚𝑙 , 𝑚𝑙 ) = −
𝑝
~

𝑙
(𝑚𝑙 + ) + ⋯ , 𝑟(𝑚𝑙 + , 𝑚𝑙 ) = 𝑝

~

𝑙√
𝑚𝑙 +

+ ⋯ , 𝑟(𝑚𝑙 − , 𝑚𝑙 ) = −𝑝
~

𝑙√
𝑚𝑙

+ ⋯   (123)

𝑜(𝑚𝑙 , 𝑚𝑙 ) =
𝑝
~

𝑙
+ ⋯ , 𝑜(𝑚𝑙 + , 𝑚𝑙 ) = √

𝑚𝑙 +
+ ⋯ 𝑜(𝑚𝑙 − , 𝑚𝑙 ) = √

𝑚𝑙
+ ⋯                                          (124)



(𝑚𝑙 ; 𝑢, 𝑣, 𝑤) = − (𝑝
~

𝑙 + 𝑝
~

𝑙 ) (𝑚𝑙 + ) + 𝑝
~

𝑙 [(𝑚𝑙 + )(𝑢𝑣𝑤)𝜔𝑙+𝑚𝑙 (𝑢𝑣𝑤)−𝜔𝑙] + 𝑝
~

𝑡 [(𝑚𝑙 + )𝑤𝜔𝑙 + 𝑚𝑙 𝑤−𝜔𝑙]

− 𝑝
~

𝑙𝑙𝑝
~

𝑙 [(𝑚𝑙 + )(𝑢𝜔𝑙 + 𝑣𝜔𝑡)(𝑤𝜔𝑙 − )+𝑚𝑙 (𝑢−𝜔𝑡 + 𝑣−𝜔𝑡)(𝑤−𝜔𝑙 − )]    (125)

 (𝑚𝑙 ; 𝑢, 𝑣, 𝑤)  (𝑚𝑙 ; 𝑢, 𝑣, 𝑤) =
𝑝
~

𝑙
[ + (𝑚𝑙 + )(𝑢𝑣𝑤)𝜔𝑙 − 𝑚𝑙 (𝑢𝑣𝑤)−𝜔𝑙]

−
𝑝
~

𝑙
[(𝑚𝑙 + )𝑢𝜔𝑙(𝑤𝜔𝑙 − ) − 𝑚𝑙 𝑢−𝜔𝑙(𝑤−𝜔𝑙 − )]

                                              (126)

( ; , , ) ( ; , , )

=
𝑝
~

𝑙
[ + (𝑚𝑙 + )(𝑣𝑢𝑤)𝜔𝑙 − 𝑚𝑙 (𝑣𝑢𝑤)−𝜔𝑙] −

𝑝
~

𝑙
[(𝑚𝑙 + )𝑣𝜔𝑙(𝑤𝜔𝑙 − ) − 𝑚𝑙 𝑣−𝜔𝑙(𝑤−𝜔𝑙 − )]

= (𝑚𝑙 ; 𝑣, 𝑢, 𝑤) (𝑚𝑙 ; 𝑣, 𝑢, 𝑤) = (𝑚𝑙 ; 𝑣, 𝑢, 𝑤) (𝑚𝑙 ; 𝑢, 𝑣, 𝑤),    (127)

(𝑚𝑙 ; 𝑣, 𝑢, 𝑤) (𝑚𝑙 ; 𝑢, 𝑣, 𝑤) = [(𝑚𝑙 + )(𝑢𝑣𝑤)𝜔𝑙 + 𝑚𝑙 (𝑢𝑣𝑤)−𝜔𝑙]                                                            (128)

̅ 𝑙 ,𝑙 = [  ( 𝜔𝑙,𝑙/𝑘 𝑇) − ]
−

                  (129)   

𝐾 = 𝑐 ∑  

𝜔 =−

∑  𝐺 (𝜔 , 𝐿)𝐺 ∗(𝜔 , 𝐿)
( 𝜋𝑖)

∮
𝑑𝑢

𝑢𝜔 +
∮

𝑑𝑣

𝑣𝜔 +
∮

𝑑𝑤

𝑤𝜔 +
𝑃( ̅ ; 𝑢, 𝑣, 𝑤)𝑅( ̅ ; 𝑢, 𝑣, 𝑤)

𝜔 =−

    (130)

𝑅 (𝑚 ; 𝑢, 𝑣, 𝑤) =  {− ∑  

𝑙

𝑝
~

𝑙 ( ̅ 𝑙 + )

+ ∑  

𝑙

𝑝
~

𝑙 [( ̅ 𝑙 + )(𝑢𝜔𝑙𝑣𝜔𝑙 + )𝑤𝜔𝑙+ ̅ 𝑙 (𝑢−𝜔𝑙𝑣−𝜔𝑙 + )𝑤−𝜔𝑙]},                                         (131)

𝑃( ̅ ; 𝑢, 𝑣, 𝑤) = {∑  

𝑙

𝜔𝑙𝑝
~

𝑙 [ + ( ̅ 𝑙 + )(𝑢𝑣𝑤)𝜔𝑙 − ̅ 𝑙 (𝑢𝑣𝑤)−𝜔𝑙]}

+ ∑  

𝑙

𝜔𝑙 𝑝
~

𝑙 [( ̅ 𝑙 + )(𝑢𝑣𝑤)𝜔𝑙 + ̅ 𝑙 (𝑢𝑣𝑤)−𝜔𝑙].                                                                      (132)

𝐺 (𝐽 + 𝜔 ; 𝐿) ≈ 𝐺 (𝐽 ; 𝐿) (−𝑡𝜔 )                                                                                                                            (133)

𝑡 = −[∂  𝐺 (𝐽 + 𝜔 ; 𝐿)/ ∂𝜔 ]
𝜔 =

                                                                                                                                 (134)

𝐾 = 𝑐 |𝐺 (𝐽 ; 𝐿)|
𝜋𝑖

∮
𝑑𝑤

𝑤𝜔 +
𝑃[ ̅ ; 𝑢 = (−𝑡) , 𝑣

=  (−𝑡), 𝑤]𝑅[ ̅ ; 𝑢 = (−𝑡) , 𝑣 = (−𝑡) , 𝑤]                                                          (135)

𝜔𝑙,𝑙 << |𝜔 |                                                                                                                                                    (136)

𝐾 = 𝑐 |𝐺 (𝐽 ; 𝐿)| 𝑃[ ̅ ; 𝑢 =  (−𝑡), 𝑣 =  (−𝑡), 𝑤 = ]
𝜋𝑖

∮
𝑑𝑤

𝑤𝜔 +
𝑅[ ̅ ; 𝑢 = (−𝑡) , 𝑣 = (−𝑡) , 𝑤]          (137)

(𝐴𝑧 +
𝐵

𝑧
) = ∑  

𝑛=−

𝑧𝑛 (
𝐴

𝐵
)

𝑛

𝐼𝑛( √𝐴𝐵)                                                                                                                         (138)

𝐾 = 𝑐 |𝐺 (𝐽 ; 𝐿)| 𝑃 [𝑚 ; 𝑢 = (−𝑡) , 𝑣 = (−𝑡) , 𝑤 = ] [−
𝐸

𝜔
𝛽𝑇 + (𝛽𝑇 − 𝑡)

𝜔

𝜔
] 𝐼𝜔

𝜔
(

𝑡

𝜔 𝛽𝑇
),            (139)

𝐼𝜅(𝑢) ≈
√ 𝜋𝑢

(𝑢 −
𝜅

𝑢
) , 𝑢 >> 1, 𝜅 ≤ 𝑢                                                                                                                   (140)



𝐾 = 𝐾 (𝑌)                            (141)

𝑌 =  (
𝜔𝜏  𝛽𝑇

𝜋  𝑡
) −

𝜔𝜏
(  𝛽𝑇 −

 𝑡

 𝛽𝑇

) + (𝛽𝑇 − 𝑡)
𝜔𝜏

−
 𝛽𝑇

𝜔𝜏  𝑡
                          ( )

<<
𝜔𝜏

≤
 𝑡

𝜔𝜏  𝛽𝑇

                                                                             (143)

𝑡 =
𝜔𝜏

𝜃
[
𝐴𝐶 + 𝐵𝐷

𝐴 + 𝐵
+

( − )

( − ) + ( /𝜃 )
+

𝜃

𝜃 +
]                          (144)

|𝜃 | >>
𝐸

𝐽
                                                                                                      (145)

𝜃 ≡
𝜏

𝜏
=

𝐿𝐸

√ 𝐽 /𝑚
, ≡

𝜏

𝜏
=

𝐸
, 𝜃 ≡

𝜏

𝜏
=

𝐸

𝛾
                                       (146)

𝜏 =
𝐿

√ 𝐽 /𝑚
, 𝜏 =

𝐸
, 𝜏 = , 𝜏 =

𝛾
                                                        (147)

𝐴 = (
𝜃

𝜃
) + + (

𝜃
) 𝜈, 𝐵 = (

𝜃

𝜃
) +

𝜃
𝜇                                (148)

𝐶 = 𝜃 [  (
𝜃

𝜃
) −

− 𝜉

𝜃
 (

𝜃

𝜃
)] + 𝜇                                                (149)

𝐷 = 𝜃 [ (
𝜃

𝜃
) +

− 𝜉

𝜃
(

𝜃

𝜃
)] −

𝜃
𝜈,                                           ( )

𝜉 ≡ ( −
𝐸

𝐽
)

/

(𝐽 > 𝐸  )                                                   (151)

= −( − ) 𝜀 + [
( − )𝜃

𝜌
+ ( − )] 𝜀

−𝜌
−𝜉                                (152)

𝜇 = ( − )𝜀 − [
( − )𝜃

𝜌
+ ( − )] 𝜀

−𝜌
−𝜉                           (153)

𝜈 = [ 𝜀 − (
𝜃

𝜌
+ ) 𝜀

−𝜌
−𝜉 ]                                                                    (154)

𝜀 ≡ (
𝜃

+ 𝜉
) , 𝜌 ≡ √𝜉 +

− 𝜉
                                                      (155)

𝐾 = 𝐾𝑒𝐾
𝑝

                                                                                                    (156)



𝐾𝑒 =
𝜏 𝐽

𝑚

(𝐴 + 𝐵 )𝜌 𝜉

𝜃 [( − ) + (
𝜃

) ] [ + (
𝜃

) ]

(−
𝜃

− 𝜉
)                                                         (157)

𝐾
𝑝

=
𝜔𝜏

[ +
 (𝛽𝑇 − 𝑡)

 𝛽𝑇

] +
 (𝛽𝑇 − 𝑡)

 𝛽𝑇

                                                                                 (158)

𝜏 =
𝐿

√ 𝐽 /𝑚
                                                                                                                                                    (159)

𝜏 =
𝐸

                                                                                                                                                                  (160)

( 𝜏𝑒)− = 𝜏−                                                                                                                                                    (161)

𝐾𝑒( = , 𝜃 → )

𝜏 𝐽 /𝑚
=

𝜉

𝜃
[  (

𝜃

+ 𝜉
) −

𝜃
− 𝜃 − ] (−

𝜃

− 𝜉
)                                          (162)

𝐾 =
𝑎

√ 𝜋𝜆 𝑘 𝑇
(−

𝐿

𝑎
) 𝑒𝑥𝑝 [−

(𝛥 − 𝜆𝑟)

𝜆𝑟𝑘𝐵𝑇
]                                                                                        (163)
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